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1 Abstract

The study of the solution of higher-order differential equations(DEs) with

fuzzy initial and boundary conditions(FIBCs) and the development of the

solution methods for higher-order differential equations are the best practi-

cal solutions for real-life problems. The solution of higher-order DEs with

FIBCs is one of the most important concepts in many areas of applied sciences

and engineering such as, mechanical engineering, civil engineering, electrical

engineering, electrical and communication engineering, environmental engi-

neering, chemical engineering, medical science, etc.

In recent years, extensive research have been carried out to study the

solution of higher-order DEs with FIBCs. This field has achieved extensive

attention due to its broad range of applications in the field of science, engi-

neering and real-life practical problems. In particular, finding the solution

of higher-order differential equation with fuzzy initial and boundary condi-

tions is a central problem in the various fields of engineering and sciences.

The scope of the present study lies in increasing importance of the solu-

tion of higher-order fuzzy differential equations(FDEs) as well as fuzziness

in the forcing function. Thus, an investigation of such research area leads

directly or indirectly to studying in another research area far away from the

first in terms of physical context, yet related through the fundamental prin-

ciples of the ordinary differential equation(ODE) that involved fuzziness in

initial and boundary conditions. Due to the vast scope of application of DEs

in the fields of engineering and sciences, the specific problems are almost

unlimited in fields that involved fuzziness and therefore it is reasonable to

select such types of problems for discussion here. Accordingly, a selection
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of more interesting problems of current interest has been made for mathe-

matical treatment in the thesis. The problems investigated in the present

study are concerned with the application of a solution of higher-order DEs

that contain fuzziness in initial and boundary conditions as well as in forcing

function that are occurring in different fields of engineering and sciences.

This work has been devoted to the study of higher-order DEs with

FIBCs by using suitable methods. Here, we have discussed fuzzy dynamic

problems like the bending of an elastic beam under load in civil engineering,

Ariy’s non-homogeneous differential equation in optics and the simple pen-

dulum problem in physics, the mass-spring system in mechanical engineering,

etc. The mathematical problem of different physical phenomenon gives us

one-dimensional differential equations with fuzzy initial and boundary condi-

tions. This Ph.D. work would be useful for solving fuzzy dynamic problems

arising in different fields of engineering and sciences.

2 Brief description on the state of the art of

the research topic

Lotfi Zadeh had introduced the fuzzy set theory in 1965. A Zadeh pointed

out ambiguities and impreciseness in his seminal paper entitled ”Fuzzy Sets”

[34] in 1965. The differential equation with fuzzy initial and boundary con-

ditions (FIBCs) is playing crucial role for solving problems of science and

engineering. The study of dynamic problems with fuzzy parameters has

become basic for scientific and engineering applications like as mechanical

engineering, civil engineering, physics etc. All these branches of sciences and
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engineering have contributed a vast amount of literature on this topic.

The concept of a fuzzy derivative was first introduced by Chang and

Zadeh [12], it was followed up by Dubois and Prade [13] who used the ex-

tension principle in their approach. Other fuzzy derivative concepts were

proposed by Puri and Ralescu [28] and Goetschel and Voxman [17] as an

extension of the Hukuhara derivative of multivalued functions. Kandel and

Byatt [21] applied the concept of fuzzy differential equation to the analysis of

fuzzy dynamical problems. The fuzzy differential equations and fuzzy initial

value problem was studied by Kaleva [20] and Seikkala [31]. Buckley and

Feuring [10] presented two analytical methods for solving an nth order fuzzy

linear differential equation with fuzzy initial conditions. Mondal and Roy

[26] described the solution procedure for first order linear non-homogeneous

ordinary differential equation in fuzzy environment. Existence and unique-

ness of fuzzy boundary value problem has been proved by Esfahani et al.[14].

Lakshikantham et al. [24] investigated the solution of two point boundary

value problem associated with non-linear fuzzy differential equation by using

extension principle.

The concept of generalized differentiability is used by Bade et al

[9] to investigate first order linear fuzzy differential equations. Generalized

Hukuhara differentiability is studied by Chalco-Cano and Romon Flores [11]

to solve fuzzy differential equations. Based on the idea of collocation method

Allahviranloo et al. [6] solved nth order fuzzy linear differential equations.

Allahviranlloo et al. [5] obtained A new method for solving fuzzy linear differ-

ential equations. Allahviranloo et al. [7] have proposed A method for solving

nth order fuzzy linear differential equations. The existence and uniqueness
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theorem of solution of nth order fuzzy differential equation and the integral

form of nth order fuzzy differential equation were studied by Salahshour [29]

under generalized differentiability. Salahshour and Allahviranloo [30] worked

on application of fuzzy Laplace transform. Xiaobin Guo,Dequan Shang and

Xiaoquan Lu [33] found fuzzy approximate solutions of second order fuzzy

linear boundary value problems. A boundary value problem for second order

fuzzy differential equations was studied by Khastan et al. [23]. A new result

on multiple solutions for nth order fuzzy differential equation under general-

ized differentiability has been proposed by Bahrami et al.[8]. Ahmad et al.[1]

studied analytic and numerical solution of fuzzy differential equation based

on extension principle. Ivaz, Khastan and Nieto [18] investigated numerical

algorithm for solution of first order fuzzy differential equations and hybrid

fuzzy differential equations. Variation of constant formula has been handle

by Khastan et al. [22] to solve first order fuzzy differential equations. Akin et

al. [4] developed an algorithm based on α-cut of fuzzy set for solution of sec-

ond order fuzzy initial value problems. A new approach has been developed

by Gasilov et al.[16] to get the solution of fuzzy initial value problems.

Mansouri and Ahmady [25] implemented characterization theorem

for solving nth order fuzzy differential equations. The Numerical methods for

solving fuzzy differential equation(FDE) are introduced in [15, 2]. Tapaswini

and Chakraverty [32] implemented homotopy perturbation method for solv-

ing nth order fuzzy differential equations. The variational iteration method

(VIM) was successfully applied by Jafari et al. [19] for solving nth order

fuzzy differential equation. As regards, method to solve nth order FDEs are

discussed in [6, 7, 29, 8, 3, 27].

5



3 Definition of the Problem

In the present study different dynamic problems with FIBCs that occur in

many fields of engineering, science and technology are discussed. Here, we

discuss dynamic problems with fuzzy parameters related to mechanical engi-

neering, civil engineering, and physics, etc by using a different method and

compare the exact and approximate solutions by using graphical represen-

tation. The aim of the present study was to investigate the behaviour of

the solution of the DEs with FIBCs which are arising in the different fields

and also approximated the solution of the Airy’s non-homogeneous DE by

considering fuzzy boundaries. The objective of the work is to investigate the

behaviour of the solution of higher-order ordinary differential equations with

fuzzy parameters and study the fuzziness involved.

4 Objective and Scope of work

The main goal of the present work is to study the DEs with fuzzy parameters

that are arising in many fields of engineering and sciences. The objectives of

our study are as under:

• To find the fuzziness in the solution to dynamic problems due to the

fuzziness in the initial conditions and the forcing function,

• To find the fuzziness in the solution to dynamic problems due to the

fuzziness in the boundary conditions and the forcing function,

• To find the fuzziness in the solution to dynamic problems due to the
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fuzziness in the initial and the boundary conditions as well as the forc-

ing function.

Different methods are used to study the effect of FIBCs in the final solu-

tion of DEs. The future scope of the current work is to study the problems

related to partial differential equations with FIBCs as well as fuzziness in the

forcing function.

5 Original contribution made by the thesis

The original contribution made by the study of solution methods of higher

order differential equation with fuzzy initial and boundary conditions is as

below.

• The solution of nth order constant coefficients and Cauchy-Euler’s vari-

able coefficients differential equations with fuzzy initial conditions by

using the properties of linear transformation ,

• The solution of nth order differential equations with fuzzy initial and

boundary conditions by using Gauss elimination method,

• The solution of higher order differential equations with fuzzy boundary

conditions by using finite difference method,

• The solution of higher order constant coefficients and variable coeffi-

cients ( not a Cauchy-Euler’s ) differential equations with fuzzy initial

and boundary conditions by using Laplace transformation.
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The solution of higher order differential equations with fuzzy initial and

boundary conditions that occurs in different engineering field and sciences

are discussed.

6 Methodology of Research and Results/Comparisons

We have studied various literatures related to different solution methods to

solve higher order differential equations with fuzzy initial and boundary con-

ditions and did a comparative analysis to find out research gap and problem

statement. The literature survey helped us to define an objective of the

research.

We have used MATLAB coding to solve various differential equations

with fuzzy parameters. We have used Mathematica and MATLAB software

for graphical representations for different types of solution bounds. It is a

combination of the different solution methods to solve differential equations

with fuzzy initial and boundary conditions, and provides us a convenient an-

alytic and numerical tools to solve many types of ordinary differential equa-

tions. We have studied various problems related to engineering and sciences

and according to research gap we find solution methods for different physical

phenomena arising in field of mechanical engineering, civil engineering and

in physics, etc .

An approximate analytical solution of nth constant coefficients and

Cauchy-Euler’s variable coefficients ordinary differential equations with fuzzy

initial conditions is obtained by using the properties of linear transforma-

tion. The Gauss elimination method has been used to find solution of nth
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differential equations with appropriate fuzzy initial and boundary conditions.

The solution is interpreted numerically and graphically using MATLAB and

Mathematica software and it is compared with the exact solution. The fi-

nite difference method is used to approximate the solution of higher order

differential equations with fuzzy boundary conditions and also solved Airy’s

non-homogeneous differential equation by the help of MATLAB. The variable

coefficient (not a Cauchy-Euler’s) differential equations with fuzzy initial and

boundary conditions are solved by using method of Laplace transform.

In the differential equation, the study of motion of mass in physics

with fuzzy initial conditions are solved by using the properties of linear trans-

formation, vertical displacement of the elastic bridge in civil engineering with

fuzzy initial and boundary conditions are solved by using Gauss elimination

method and Airy’s non-homogeneous differential equation with fuzzy bound-

ary conditions are solved by finite difference methods, the simple pendulum

problem in physics and the problem of mass-spring system occurring in the

mechanical engineering are solved by Laplace transform method and we have

also checked the efficiency of different methods to solve differential equations

with fuzzy initial and boundary conditions.
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7 Achievements with respect to objectives

We have discussed the dynamic problems as below:

• The solution of nth order differential equation with fuzzy initial condi-

tions by using the properties of linear transformation and discussed the

application related to physics i.e.the study of motion of mass in that

the solution is in form of sinusoidal wave.

• The solution of nth order differential equation with fuzzy initial and

boundary conditions by using Gauss elimination method and studied

the application related to civil engineering i.e. deflection of beam,

• The solution of higher order differential equation with fuzzy boundary

conditions by using Finite difference method and also solved Airy’s

differential equation with fuzzy boundary conditions,

• The solution of higher order differential equation with fuzzy initial and

boundary conditions by using Laplace transform and solved the simple

pendulum problem related to physics and the mass-spring system in

mechanical engineering branch.

8 Conclusion

We have studied different methods of solving DEs with FIBCs arising in

different filed of engineering such as mechanical, civil, and the Airy’s non-

homogeneous DE and the simple pendulum problem in physics. Here, we

have discussed the analytic and the numerical methods to solve different types
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of DEs with FIBCs. We have solved DEs with FIBCs whose exact solution is

known then we compare the exact and approximate solutions of higher-order

DEs. We have also approximated the solution of DEs with FBCs whose exact

solution is not known, the solution of such type of DEs is approximated by

numerical method i.e. using FDM. The mass-spring problem in mechanical

engineering and the simple pendulum problem in physics were solved using

the Laplace transform method.
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